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The finite planar spaces containing at least one pair of planes intersecting in 
exactly one point and in which for every such pair of planes Il and 17’. any line 
intersecting II intersects I7’ (or is contained in I7) are completely classilied. These 
spaces are essentially obtained from projective spaces PG(3, k) by deleting either k 
collinear points or an affino-projective (but not projective) plane of order k. 
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1. INTRODUCTION 
A linear space S is a non-empty set of elements called points, together 
with a family of distinguished subsets called lines such that any two distinct 
points x, y are contained in exactly one line denoted by (x, y ), each line 
containing at least two points. A linear space is said to be finite if it has a 
finite number of points. In a finite linear space, the size of a line L is the 
number of points lying on L and the degree of a point x is the number of 
lines passing through X. 
A linear subspace of S is a subset S’ such that any line of S having at 
least two points in S’ is contained in S’. A planar space is a linear space 
provided with a family of distinguished linear subspaces called planes, such 
that any three non-collinear points are contained in exactly one plane, each 
plane containing at least three non-collinear points. If L and L’ are two 
intersecting lines of S and if x is a point outside L, the plane containing L 
and x (resp. L and L’) will be denoted by (x, L ) (resp. (L, L’ ) ). A planar 
space is called non-trivial if it contains at least two distinct planes. We shall 
say that a line L intersects a plane I7 if and only if L n 17 is a single point. 
If X is a set of points of a planar space S, the structure of S induces a 
planar space on X in the following way: the lines of X are the intersections 
of X with the lines of S having at least two points in common with X, and 
the planes of X are the intersections of X with the planes of S having at 
least three non-collinear points in common with X. 
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A generalized projective space is a linear space such that for every pair of 
lines L and L’ intersecting in a point x, any two lines not passing through 
x and intersecting each of the lines L and L’ intersect each other (Veblen- 
Young axiom). Note that the generalized projective spaces of dimension 
greater than 2 may also be defined as the non-trivial planar spaces S 
satisfying the following condition: 
(*) for every pair of planes Z7 and 17’ intersecting in a line and for 
every point x $ ZZ u Z7’ such that there is a line through x intersecting 17 
and Z7’ in two distinct points, every line through x intersecting n intersects 
IT. 
Indeed, let L and L’ be two lines intersecting in some point x and let A 
and A’ be two lines not passing through x and intersecting each of the lines 
L and L’. Since S is a non-trivial planar space, there is a point y outside 
(L, L’). The planes I7= (y, L) and CI = (y, A ) intersect in a line. The 
line L’ intersects the planes I7 and c( in two distinct points and contains a 
third point x’ EL’ n A’. Therefore, by condition (*), any line passing 
through x’ and intersecting n intersects CC. In particular, the line A’ which 
intersects L c 17 intersects CC. Hence A’, which is contained in (L, L’), 
intersects A = M n (L, L’), and the Veblen-Young axiom is satisfied. 
In particular, the 3-dimensional generalized projective spaces are the 
non-trivial planar spaces satisfying 
(I) for every pair of planes I7 and Z7’ intersecting in a line, every line 
intersecting L! intersects r. 
Indeed, any non-trivial planar space S satisfying condition (I) satisfies 
also condition (*), and so is a generalized projective space; moreover, since 
S is necessarily the smallest linear subspace containing two planes inter- 
secting in a line, S is 3-dimensional. 
Note that the condition obtained from (I) by deleting the words “inter- 
secting in a line,” though apparently stronger than (I), is equivalent to (I). 
Two problems arise now in a natural way: Is it possible to classify the 
non-trivial planar spaces which satisfy the condition obtained from (I) by 
replacing “intersecting in a line” by “intersecting in a point” (resp. by “hav- 
ing an empty intersection”)? This paper is concerned with the condition on 
pairs of planes intersecting in a point, while the condition on pairs of dis- 
joint planes will be examined in a subsequent paper. Before stating our 
theorem, we need one more definition: an affino-projective plane of order k 
is a linear space 17 obtained from a projective plane of order k by deleting 
n collinear points (0 6 n < k + 1). In particular, Z7 is a projective plane 
(resp. a punctured projective plane, an affine plane with one point at infinity, 
an afline plane) if n=O (resp. n= 1, k, k+ 1). 
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THEOREM. If S is a finite planar space such that 
(II) for every pair of planes l7 and 17’ intersecting in exactly one 
point, any line intersecting II intersects IS and 
(II’) there are at least two planes intersecting in exactly one point, 
then one of the following occurs: 
(a) S is obtained from a 3-dimensional projective space PG(3, k) by 
deleting an affino-projective (but not projective) plane of order k, 
(b) S is obtainedfrom a 3-dimensional projective space PG(3, k) by 
deleting k collinear points, 
(c) S is obtained by adding a new point (joined to all other points 
by lines of size 2) to a punctured projective plane or to an affine plane with 
one point at infinity or to an affine plane, 
(d) S = K, where KS denotes the planar space offve points in which 
all lines have two points and all planes have three points. 
Note that every space of type (c) may also be obtained by deleting some 
points from a 3-dimensional generalized projective space. Note also that 
the additional hypothesis that any line of S has at least three points would 
allow us to rule out the rather uninteresting cases (c) and (d), and to shor- 
ten the proof somewhat. 
2. PROOF OF THE THEOREM 
The proof is divided into a series of lemmas. The planar space K5 
obviously satisfies the hypotheses and we shall always assume in what 
follows that S # K,. 
LEMMA 1. If each of the two planes fl and IT’ intersects a third plane I7 
in exactly one point, then Lln l7’ = l?n IT” = 17’ A 17”. 
Proof: Suppose first that 17n n = (x’} and nn 17” = (x”} where the 
points x’ and x” are distinct. By condition (II), every line of IZ’ passing 
through x’ intersects 17” in a point, and so nl n ZZ” is a line L. Condition 
(II), applied to the pair of planes (n, ZZ’} (resp. (Z7, n”}), shows that any 
line of Z7” (resp. Z7’) intersecting L passes through x” (resp. x’), which 
implies that nl=Lu(x’} and l7”=Lu{x”}. Ifthereis a point x$Z7uL, 
the line (x, x”) must intersect Z7’ = L u (x’}, a contradiction. Therefore 
S=IlvL. 
Let y be a point of L and let A be a line of 17 passing through x” and 
distinct from (x’, x”). Since ZZn Z7” = {x”}, the lines A and L are not 
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coplanar and the plane a = ( y, A ) intersects Z7’ in the point y only. By 
condition (II), any line of 17 intersecting A (hence a) must intersect Z7’, and 
so must contain x’; it follows that Z7= A u {x’}. Similarly, Z7= Bu {x”} 
for any line B of 17 passing through x’ and distinct from (x’, x”). 
Tii:refore 17 contains only three points: x, x’, and x”. If L has at least three 
points y, y’, and y”, then the line {x’, y”} intersects the plane {x”, x’, y’} 
but not the plane (x”, x, y}, and condition (II) is not satisfied. Therefore L 
has size 2 and S= K,, contradicting the initial assumption. 
This proves that x’=x”. By condition (II), any line of II’ intersecting 
Z7’ n U” must intersect Z7, which implies that 17’ n 17” = {x’}. 
A maximal set of planes having the property that any two of them inter- 
sect in the point x only will be called a direction of planes with top x. It 
follows from Lemma 1 that any plane ZZ belongs to at most one direction, 
denoted by dir ZZ The top of dir 17 will also be called the top of Z7 and a 
top in S. 
COROLLARY 1. If dir I7 contains at least three planes with top x, then all 
the lines passing through x and belonging to a plane of dir n have the same 
size. 
Proof If Z7, Z7’, and 17” are three distinct planes of dir 17 and if L (resp. 
L’) is a line of II (resp. ZI’) passing through x, Lemma 1 implies that the 
plane (L, L’) intersects 17” in a line L”. By condition (II), any line inter- 
secting L” and L (resp. L” and L’) in two distinct points must intersect L’ 
(resp. L), and so L and L’ have the same size. The corollary follows easily. 
Let x be a point of the planar space S. The linear space S, is defined by 
taking as points of S, the lines through x and as lines of S, the planes 
through x, a point L of S, belonging to a line 17 of S, iff the line L is con- 
tained in the plane II in S. 
LEMMA 2. For any point x of S, the linear space S, is one of the 
following: 
(i) a projective plane (possibly degenerate), 
(ii) a punctured projective plane, 
(iii) an affine plane with one point at infinity, 
(iv) an affine plane. 
Proof: Two planes of S intersect in x (and in x only) iff the 
corresponding lines of S, are disjoint. Therefore Lemma 1 implies that if L 
and L’ are two disjoint lines in S,, any line of S, intersecting L in one 
point must also intersect L’ in one point. In other words, the linear space 
S, is a semi-affine plane in the sense of Dembowski [a]. Since S is assumed 
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to be finite, S, is finite and Dembowski has proved that any finite semi- 
affine plane is an affine plane, an afline plane with one point at infinity, a 
punctured projective plane, or a (possibly degenerate) projective plane. 
Actually, Dembowski assumes that all lines have size g3 and that all 
points have degree 33, but the classification of all finite semi-affne planes 
containing a line of size 2 or a point of degree 2 is very easy. 
The finiteness assumption is essential here: indeed, Dembowski has con- 
structed infinite semi-affne planes which are not of the four types described 
above. 
Note that S, is always an aflino-projective plane, except if S, is a 
degenerate projective plane. Note also that S, is a (possibly degenerate) 
projective plane iff x is not a top in S. 
COROLLARY 2. If S, is an affino-projective plane of order k, then x has 
degree k in every plane with top x. 
Proof. It suffices to observe that a plane with top x corresponds to a 
line of S, having at least one disjoint line in S,, that is a line of size k in 
S,. 
LEMMA 3. If S contains a point x such that S, is a degenerate projective 
plane, then S is of type (c). 
Proof. The hypothesis implies that S is the union of a plane l7 and of a 
line A intersecting n in x. Let z be a point on A, distinct from x. Since S = 
Z7u A, every line passing through z intersects 17. Therefore the plane Z7 is 
isomorphic to S, and, by Lemma 2, n is a semi-affine plane. 
Suppose that there are two points z and z’, distinct from x, on the line A. 
The plane n contains two intersecting lines L and L’ not passing through x 
(except if 17 is a degenerate projective plane in which all lines through x 
have size 2, but in this case S is a 3-dimensional generalized projective 
space and condition (II’) is not satisfied). If n contains either a point 
y $ L u L’u (x} or a line L” intersecting L’ but not L, then the planes 
(L, z) and (L’, z’) intersect in the point L n L’ only, and either the line 
(y, z’) or the line L” intersects (L’, z’) but not (L, z), in contradiction 
with (II). Therefore the semi-affine plane ZZ has no such point y and no 
such line L”, and so 17 is necessarily a degenerate projective plane with four 
points, in which x is of degree 2. Denote by B the line of size 3 in Zi’ and by 
x’ the point of degree 3 in ZZ. Then S = (A, B) u {x’} and S,, is 
isomorphic to (A, B). It follows that (A, B) is an affine plane of order 2 
with the point x at infinity, and so S is of type (c). 
Therefore we may assume that A is a line (x, z} of size 2. Then S = 
Z7u {z} and all lines through z have size 2. If Z7 is a (possibly degenerate) 
projective plane, then S is a 3-dimensional generalized projective space and 
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condition (II’) is not satisfied. Therefore the semi-affine plane 17 is either a 
punctured projective plane, an shine plane with one point at infinity, or an 
afine plane, and the lemma is proved. 
From now on, we shall always assume that there is no point x E S such 
that S, is a degenerate projective plane. 
LEMMA 4. If S contains a point x such that S, is an affine plane of order 
k with one point at infinity, then S is obtained from PG(3, k) by deleting an 
affino-projective plane which is neither projective nor punctured projective. 
Proof Denote by L, the line of S corresponding to the point at 
infinity of S,, by y any point of L distinct from x, and by I7 any plane 
passing through x and not containing L,. S is the union of L, and of all 
planes of dir Zl. Therefore any line through y intersects at least one (hence 
every) plane of dir IZ, and so we define an isomorphism between S, and 17 
by mapping any line passing through y onto its point of intersection with 
I7. Therefore II is a semi-a&e plane (distinct from a degenerate projective 
plane). By Corollary 2, x has degree k in ZZ, and so either 17 has order 
k - 1 or Z7 is an affine plane of order k with the point x at infinity. 
If I7 is a projective plane of order k - 1, then all lines of S distinct from 
L, and passing through x have size k. Let 17, be a plane of S containing 
L, and let I72 denote the linear space induced on l7, -(L, - {x}) by 
the linear structure of Z7,. Since no0 intersects every plane of dir 17 in a 
line through x and since every line of 17, not passing through x intersects 
each of the k planes of dir Z7 in a point, all the lines of the linear space Z7z 
have size k. The degree of x in Z7: is k = ldir nl, and so I7: is a projective 
plane. On the other hand, the lines of l7, passing through y induce 
pairwise disjoint lines in I72, a contradiction. 
If the semi-alfine plane IZ has order k - 1 and is not a projective plane, 
then IZ contains a line L of size k - 1 not passing through x. Let 
17, = (L, y) where y#x is a point of L,. The intersections of Z7, with the 
planes of dir 17 form a partition A, of Z7, - { y } into k lines of size k - 1 = 
ILJ. On the other hand, the lines of 17, passing through y define a partition 
A, of Z7, - {y} into k - 1 lines of size k. Let L’$ A, u A, be a line of n,. 
By condition (II), L’ intersects each of the lines of A,, which is impossible 
since L’$ AZ. 
Therefore every plane n containing x but not L, is an afline plane of 
order k with the point x at infinity. Since any line of S distinct from L, is 
either contained in some plane of dir 17 or intersects every plane of dir ZZ in 
a point, the lines of S distinct from L, have size k + 1 or k according as 
they intersect L, or not. Moreover, the planes of S containing x have 
exactly kZ points outside L, and the planes not containing x intersect the 
planes of dir 17 in k pairwise disjoint lines of size k. Therefore, in the planar 
582a/38/1-5 
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space of k3 points induced on S - L, , all lines have k points and all planes 
have k* points. In other words, S-L, is a planar space of k3 points in 
which all planes are affine planes of order k. If k = 2, S - L, is the unique 
Steiner system S(3,4, 8); that is the affine space AG(3, 2). If k = 3, S-L, 
is the unique Hall triple system of 27 points [3]; that is the affine space 
AG(3,3). If k > 4, a theorem of Buekenhout [l] shows that S - L, is the 
affine space AG(3, k). 
It follows that S is obtained from an affine space AG(3, k) by adding a 
line at infinity L, to a direction of parallel planes. Using the classical 
process of completion by points at infinity we conclude easily that S is 
obtained by deleting from PG(3, k) an affino-projective plane (which is 
neither projective nor punctured projective since L, contains at least 2 
points). 
COROLLARY 4. (i) If S contains a point x such that S, is an affine 
plane with one point at infinity, then for any top y in S, S, is also an affine 
plane with one point at infinity. 
(ii) If S contains a point x such that S, is an affine plane, then x is the 
only top in S. 
Proof. Condition (i) is an immediate consequence of Lemma 4. In 
order to prove (ii), suppose on the contrary that there is a top y #x in S. 
By (i) S, is not an afline plane with one point at infinity, and so, by 
Lemma 2, S, is either an allme plane or a punctured projective plane. In 
both cases, the line (x, y) is contained in a plane ZZ with top y. On the 
other hand, there is in S, a line disjoint from the line n, of S, 
corresponding to Z7, and so Z7 is a plane with top s. Therefore 17 has two 
distinct tops x and y, in contradiction with Lemma 1. 
LEMMA 5. If S contains a point x such that S, is a punctured projective 
plane of order k or an affine plane of order k, then every plane II with top x 
is an affine plane of order k with the point x at infinity. 
Proof. Let II’ # I7 be a plane of dir I7 and let y # x be a point of 17’. By 
condition (II), all the lines passing through y and disjoint from Z7 are 
included in nl. Therefore if we map each line of S passing through y and 
intersecting ZZ onto its point of intersection with Z7, we define an 
isomorphism between I7 and the linear space induced by S, on 
S,. - (17:, - L,,) where n-k is the line of S,, corresponding to the plane 17 
and L, is the point of S, corresponding to the line L = (x, y ). Thanks to 
Corollary 4, we know that S, is either a projective plane or a punctured 
projective plane. If (dir Z7l > 2, then all lines of 17 passing through x have 
the same size by Corollary 1. If ldir 171 = 2, then S, must be an shine plane 
of order 2 and Corollary 4 implies that S,. is a projective plane. Therefore, 
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in any case, l7 is an afine plane with the point x at infinity and, by 
Corollary 2, the order of I7 is k. 
LEMMA 6. Zf S contains a point x such that S, is an affine plane of order 
k, then S is obtained from PG(3, k) by deleting a punctured projective plane 
of order k. 
ProoJ By Lemma 5 and condition (II), the lines of S have k + 1 or k 
points according as they contain x or not, and the planes of S have k2 + 1 
or k2 points according as they contain x or not. Therefore S- (x> is a 
planar space of k3 points in which all lines have k points and all planes 
have k2 points. By the same arguments as in the proof of Lemma 4, we 
conclude that S- {x} is an affine space AG(3, k) and that S is obtained 
from the projective space PG(3, k) by deleting a punctured projective plane 
of order k. 
LEMMA 7. Zf S contains a point x such that S, is a punctured projective 
plane of order k, then S is obtained from PG(3, k) by deleting k collinear 
points. 
ProoJ: The unique direction dir n of planes with top x contains exactly 
k + 1 planes and any point distinct from x is in a plane of dir Ii’. Therefore, 
by condition (II), any line which is not in a plane of dir 17 has size k + 1. 
This, together with Lemma 5, implies that the planes of S are affme planes 
of order k with the point x at infinity, or projective planes of order k, or 
punctured projective planes of order k, according as they belong to dir l7, 
or contain x but do not belong to dir I7, or do not contain x. It follows as 
before that, if ZZ is a plane of dir Z7, then the planar space induced on 
S - Z7 is the afline space AG(3, k), but the classical process of completion 
with points at infinity can also be applied directly to S and it is easily 
checked that it suffices to add k points collinear with x to get PG(3, k). 
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